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Abstract
In this paper, we present the representation and conversion method of Bezier surfaces in Multivariate B-Form.
We can obtain the relationship between the surface of the multivariate B-form and the Bézier surface. Then the
continuity connection conditions of the Bézier surface in a triangular and a rectangular region are given.
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1. Introduction
In the demand for practical applications, Bézier surfaces on simplex regions play an important role. In
Refs. [1,4,5], a general deﬁnition of the Bézier surfaces in B-form was given. These surfaces can be used
to establish different data formats for CAD systems.
Usually, Rm denotes an m-dimensional real vector space, and Zm+ denotes the set of all m-multiple
nonnegative integers.
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If a = (a1, . . . , am) ∈ Zm+, then |a| =
∑m
j=1 aj , a! = a1! . . . am!, and
(
n
a
)= n!
a! .
Suppose that  is an m-dimensional polyhedron in Rm, and v0, v1, . . . , vn are its vertices and n>m.
Let  = [v0, v1, . . . , vn] and suppose that its m-dimensional volume Vm() = 0; we transform  into
 by raising the dimension of .
Let  = [u0, u1, . . . , un], uj ∈ Rn, j = 0, 1, . . . , n, where
uj = (vj , wj ), wj ∈ IRn−m, j = 0, 1, . . . , n. (1)
Choose wj, j = 0, 1, . . . , n, to satisfy Vn() = 0. Usually, we choose Vn() = Vm().
It implies that
 =
⎧⎨
⎩u |u =
n∑
j=0
ju
j ,
n∑
j=0
j = 1, j 0
⎫⎬
⎭ ,
where 0, 1, . . . , n are the barycentric coordinates of simplex . We have
j = Vn(u
0, . . . , ui−1, u, ui+1, . . . , un)
Vn()
. (2)
Here  = (0, 1, . . . , n) and a = (a0, a1, . . . , an) ∈ Zn+1+ .
Then
Ba() =
( |a|
a
)
a =
( |a|
a
)
a00 . . . 
an
n , (3)
where a = a00 . . . ann is called the Bernstein polynomial in correspondence with index a.
If Pa ∈ Rl (l1, |a| = k), then
P(u) =
∑
|a|=k
PaBa(), u ∈  (4)
is called the kth degree B-form on .
Deﬁnition 1 (Luo Xiaonan [2] and Luo Xiaonan and Jiang Yuming [3]). If M is an m-dimensional C′
class manifold, P : M → IRn and P is a C′ class injection, then the concept of the combination of M and
P is referred to as the surface of Rm (or insert sub-manifold). When m = 1, 2, . . . , n − 1, all are referred
to as the surface.
Deﬁnition 2 (Luo Xiaonan [2] and Luo Xiaonan and JiangYuming [3]). If is an n-dimensional simplex,
W is a C′ class manifold and W ⊂ , then
P(u) =
∑
|a|=k
PaBa(), u ∈ W (5)
is called the surface of kth B-form on W.
208 R. Wang et al. / Journal of Computational and Applied Mathematics 195 (2006) 206–211
2. Representation of surfaces of B-form on the simplex region
Lemma 1 (Luo Xiaonan and Jiang Yuming [3]). For any nonnegative integers k, l, we have∑
i1+i2=k,i1+i3=l
i1+i2+i3+i4=n.
n!
i1!i2!i3!i4! =
(n
k
) (n
l
)
. (6)
Theorem 1 (Luo Xiaonan and Jiang Yuming [3]). Given a group of characteristic vectors Rkl
(k, l = 0, 1, . . . , n), let
Pi1,i2,i3,i4 = Rkl(i1 + i2 = k, i1 + i3 = l, i1 + i2 + i3 + i4 = n).
Then the double nth degree Bézier surface with characteristic vertices Rkl (k, l = 0, 1, . . . , n) is the
surface of an nth degree B-form on a three-dimensional simplex region. In fact, this result can also be
generalized to the case of the mnth degree of Bézier surface using the formula of raising the degree of
Bernstein polynomial.
Lemma 2 (Luo Xiaonan and Jiang Yuming [3]). Let An,k1,...,ki1,...,im (or A) denote restriction conditions
as follows:
i1 + i2 + · · · + im
2
= k1,
i1 + · · · + im
4
+ im
2 +1
+ · · · + i3m
4
= k2,
· · · · · ·
i1 + i3 + · · · + im−3 + im−1 = k,
i1 + i2 + · · · + im−1 + im = n,
(7)
m = 2, n> 1.
We have∑
A
n!
i1!i2! . . . im! =
∏
1j 
(
n
kj
)
.
Theorem 2 (Luo Xiaonan [2] and Luo Xiaonan and Jiang Yuming [3]). Given a group of characteristic
vectors Rk1,k2,...,k(k1, k2, . . . , k = 0, 1, . . . , n), if we take Pi1,i2,...,in |A = Rk1,k2,...,k , then a -multiple
tensor product Bézier surface of n degree with characteristic vertices Rk1,k2,...,k is the surface of an
n degree B-form on a 2 − 1-dimensional simplex region. A more general formula can be expressed
as follows:
Pi1,i2,...,in |A = Rk1,k2,...,k =
(∑
A
Pi1,i2,...,in
n!
i1!i2! . . . in!
)/ ∏
1j 
(
n
kj
)
. (8)
According to Theorems 1 and 2, we can obtain a relationship between the surface of a multivariate
B-form and a Bézier surface.
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Proposition 1 (Luo Xiaonan and Jiang Yuming [3]). The nth degree multivariate B-form deﬁned on
the mth degree Bézier surface of a two-dimensional simplex region can be represented on the mnth
degree surface.
Proposition 2 (Luo Xiaonan and Jiang Yuming [3]). The nth degree multivariate B-form deﬁned on a
doubled mth degree surface can be represented on a double mnth degree Bézier surface.
3. Connection conditions of Bézier surfaces on a simplex region
More and more attention has been paid to the problem of connection between Bézier surfaces. In this
paper, we present a simple GC continuity-sufﬁcient condition for Bézier surfaces to be connected in a
triangular and rectangular region.
Two portions of Bézier surfaces can be expressed as follows:
P ∗(u) =
∑
|a|=n
b∗(a)Ba(), a ∈ Z3+,
P(u) =
∑
|a|=n
b(a)Ba(), b
∗(a), b(a) ∈ IRm,
n = 1u1 + 2u2 + 3u3, a = (a1, a2, a3). (9)
Then the GC1-continuative condition for surfaces P ∗(u) and P(u) to be connected on the line u1u2 can
be expressed as
b∗(a) = b(a), a3 = 0, a1 + a2 = n,
b∗(a + e3) = 1b(a + e1) + 2b(a + e2) + 3b(a + e3),
1 + 2 + 3 = 1, a3 = 0, a1 + a2 = n − 1. (10)
Converting (10), we have
b∗(a + e3) − b∗(a + e1) = 2(b(a + e2) − b(a + e1)) + 3(b(a + e3) − b(a + e1)),
a = (a1, a2, 0), a1 + a2 = n − 1. (11)
Formula (11) is a necessary and sufﬁcient condition for Bézier surfaces P ∗(u) and P(u) to be of GC1
continuity on a simplex.We can present theGC-continuity condition thatP ∗(u) andP(u) are connected
on the line u1u2
b∗(a + re3) =
∑
|c|=r
r (c)b(a + c),
∑
|c|=r
r (c) = 1, r = 0, 1, . . . , ; a = (a1, a2, 0), |a| = n − r, c ∈ Z3+. (12)
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Fig. 1.
Proposition 3 (Luo Xiaonan [2]). The Bézier surfaces on triangular and rectangular regions can be
deﬁned as follows:
P(u) =
∑
|a|=n
bi,j,kBa(), a ∈ Z3+, a = (i, j, k),
P(, ) =
n∑
i,j=0
ri,jB
n
i ()B
n
j (), ,  ∈ [0, 1].
Then the GC1 continuity condition for surfaces P ∗(u) and P(u) to be connected on the line u1u2 can
be expressed as
ri0 = bn−i,i,0, i = 0, 1, . . . , n − 1,
ri1 = 1bn−i,i,0 + 2bn−i−1,i+1,0 + 3bn−i−1,i,1,
rn−i1 = 	1bi,n−i,0 + 	2bi+1,n−i−1,0 + 	3bi,n−i−1,1,
1 + 2 + 3 = 1, 	1 + 	2 + 	3 = 1, i = 0, 1, . . . , n − 1. (13)
According to (13), theGC1 continuity condition of connection can be presented as
ri1 − ri0 = i
n
1ei−1 +
(
1 − i
n
)
0ei +
i
n

1fi−1 +
(
1 − i
n
)

0fi . (14)
Here, i=0, 1, . . . , n; 1=−	2, 0=2, 
1=	3, 
0=3; ei=bn−i−1,i+1,0−bn−i,i,0 and fi=bn−i−1,i+1,1
− bn−i,i,0.
In fact, (13) represents two conditions for a Bézier surface to be of GC1-continuative connection in
u1u2u3, u1u2u4 and u1u2u3, u1u2u5 (see Fig. 1)
In Ref. [2], we constructed the same degree hypersurface forms of a multivariate B-form in a regular
quadrilateral region, a regular hexagonal and a regular octagonal region and obtained a group of GC
continuity conditions between adjacent rectangular and triangular Bézier surface patches. These methods
can be applied in CAD systems, and the results show that they were able to solve some practical problems
fairly well.
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